⊕ is supereulerian.
Introduction
We consider finite graphs and digraphs, and undefined terms and notations will follow [1] for graphs and [2] for digraphs. Throughout this paper, the notation ( ) 
, where V ′ is the set of vertices in V which are incident with at least one arc in A′ . Let ( )
, and . 
Boesch, Suffel, and Tindell [3] in 1977 proposed the supereulerian problem, which seeks to characterize graphs that have spanning eulerian subgraphs. They indicated that this problem would be very difficult. Pulleyblank [4] later in 1979 proved that determining whether a graph is supereulerian, even within planar graphs, is NPcomplete. Catlin [5] in 1992 presented the first survey on supereulerian graphs. Chen et al. [6] surveyed the reduction method associated with the supereulerian problem and their applications. An updated survey presenting the more recent developments can be found in [7] .
It is natural to consider the supereulerian problem in digraphs.
, or, equivalently, if D is strong and for any
, or, equivalently, if D contains a spanning eulerian subdigraph. Some recent developments on supereulerian digraphs are given in [8] - [12] .
A central problem is to determine or characterize supereulerian digraphs. In Section 2, the 2-sum 1 
The 2-Sums of Digraphs
The definition and some elementary properties of the 2-sums of digraphs are presented in this section. A digraph is nontrivial if it contains at least one arc. Throughout this section, all digraphs are assumed to be nontrivial. 
= , and let ( )
We shall show that k k ′ ≥ . By (1), there exists a proper nonempty vertex subset ( )
We argue by contradiction and assume that k k ′ < . By Definition 2.1, we have ( )
Thus, we may assume that
proper nonempty subset of ( ) , , , }   1  11 12  13 12  14 13  11 14  11 13  14 12 , , , }   2  21 22  22 23  23 24  24 21  23 21  24 22 , , ,
Then, it is routine to verify that ( ) 
Proof. By contradiction, we assume that both i) and ii) hold and D is supereulerian. Let S be a spanning eulerian subdigraph of D, then
. Since S is eulerian, for any subset
Thus, by ii), we conclude that
By i) and by (2) , there must be a j B with V B v = , respectively. By Lemma 2, we conclude that
is not supereulerian (see Figure 2 ).
Sufficient Conditions for Supereulerian 2-Sums of Digraphs
In this section, we will show several sufficient conditions on 1 D and 2 D to assure that the 2-sum 1 is supereulerian. 
As in any case, S is strongly connected and every vertex
, and so S is eulerian. Since ( ) ( ) ( ) ( ) ( )
, we conclude that S is a spanning eulerian subdigraph of 1 
is supereulerian. Two classes of supereulerian digraphs seem to be of particular interests in studying supereulerian digraph 2-sums. We first present their definitions. 
then D is partially symmetric. It is known that both symmetrically connected digraphs and partially symmetric digraphs are supereulerian. Theorem 3 ([14] and [15] ) Each of the following holds. i) Every symmetrically connected digraph is supereulerian. ii) Every partially symmetric digraph is supereulerian. A main result of this section is to show that the digraph 2-sums of symmetrically connected or partially symmetric digraphs are supereulerian. 
